In these notes we are interested in the following fundamental question: "Given a thick generalized quadrangle S (x) with elation point (respectively center of transitivity) x, when does the set of all elations about x form a group?". It was the general belief for a long time that this is usually the case. However, the goal of these notes is to show that this belief is wrong. To that end, we will answer the question for all known (classes of) generalized quadrangles.
The question
For basic terminology and notation concerning finite generalized quadrangles, we refer the reader to the monograph [9] which we often denote by FGQ.
Let S = (P, B, I ) be a generalized quadrangle with parameters (s, t), s ≥ 1, t ≥ 1, and let p ∈ P be a point of S. A whorl about p is a collineation of S that leaves invariant each line incident with p. Let θ be a whorl about p. If θ = id or if θ fixes no point of P \ p ⊥ , then θ is called an elation about p. If there is a group G of elations about p acting regularly on P \ p ⊥ , we say S is an elation generalized quadrangle (EGQ) with elation E-mail addresses: kthas@cage.rug.ac.be (K. Thas), spayne@math.cudenver.edu (S.E. Payne). When [9] first appeared, it was an open question as to whether or not the set of elations about a point must be a group, and the basic attitude was to prove as generally as possible that indeed this is so. For example, consider the following situation.
A collineation θ of S, a GQ of order (s, t) with s = 1 = t, that fixes all lines meeting a fixed line L is called a symmetry about L. It follows rather easily (see [9] ) that not only is a symmetry about L an elation about L, but it is also an elation about each point incident with L. If the group of symmetries about L has the maximum possible order, s, then L is called an axis of symmetry. Dually, one speaks of a center of symmetry. It was proved in [9] that if each line through a point p is an axis of symmetry, then the group T generated by the symmetries about these lines is an abelian group of elations about p (called translations about p) acting regularly on the points of P \ p ⊥ . Here (S, T ) is called a translation generalized quadrangle (TGQ). Moreover, T is the complete set of elations about p. It was also shown that any EGQ with abelian elation group is a TGQ. A related result is the following: if p is a point of a GQ S of order s, and if p is incident with a regular line, then the set of elations about p is a group ( [7] or see 8.2.6(ii) of FGQ).
As the set of examples of known GQ's was enlarged, eventually it was noticed (see [10] ) that an EGQ with base point p may have too many elations about p for these to form a group. In fact, what happens in those examples is that there are elations that do not generate cyclic subgroups of elations. An elation that does generate a cyclic group of elations is called a standard elation, and it is shown in [10] that for a nonclassical flock generalized quadrangle (see [13] ) the usual group of elations about (∞) is the complete set of standard elations about (∞). This suggests that the definition of elation chosen originally is perhaps not the best choice. Never the less, in these notes we are interested in the following question:
Question. Given a thick GQ S (x) with elation point (respectively center of transitivity) x, when does the set of all elations about x form a group?
It seems to be the general belief that this is usually the case. However, the goal of these notes is to show that this belief is wrong. The way we do this will be nonconstructive, but of course there is the example given explicitly in [10] .
Note.
Here thick means that s > 1 and t > 1, and a point x is a center of transitivity provided that the group of whorls about x is transitive on the points of P \ p ⊥ .
For a census of the known finite generalized quadrangles, we refer to Chapter 3 of [20] .
An application of Burnside's lemma
In this section we develop a criterion to decide, given an elation point x of some GQ, precisely when the set of all elations about x forms a group.
Setting. In this section, S = (P, B, I
) is a GQ of order (s, t), s, t > 1, and x is an elation point for the elation group G. We let W be the group of all whorls about x, and suppose that, for o an arbitrary point not collinear with x, |{x, o} ⊥⊥ | = r + 1. Note that as x is an elation point, o indeed is arbitrary.
For the moment, suppose that S has a proper thick subGQ S of order (s , t) (so s ∈ {1, s}) that contains x, and suppose that S is a subGQ of order (s , t), s > s > 1, also containing x but with s = s . Without loss of generality, we can assume that both S and S contain the point o ∼ x. Then Γ := S ∩ S is a subGQ of S and S which is proper in at least one of S , S . By 2.2.2 of FGQ, it directly follows that Γ is of order (1, t), and that s = s = t = √ s, contradiction. Hence, if S has a proper thick subGQ containing x and all lines of S through x, there is only one s for which s +1 is the number of points incident with any line of that subGQ. We will therefore use the notation s for that purpose.
Suppose α ∈ W is nontrivial. Then one notes that, by 8.1.1 of FGQ, α either fixes at most r points in P \ x ⊥ , or α fixes s 2 t points in P \ x ⊥ . Now let H ≤ W be any subgroup of W that acts transitively on P \ x ⊥ . We apply Burnside's Lemma on the permutation group (H, P \ x ⊥ ) to obtain
where δ( j ) denotes the number of elements of H that fix precisely j points of P \ x ⊥ . Let E be the number of elations in H (not including 1) about x; then, as
it follows that the number of elations (now including 1 = id!) is given by the following:
which is clearly at least s 2 t. 1 Moreover, we obtain the following criterion: 
Implications
The easy but fundamental Observation 2.1 yields several (sometimes surprising) corollaries which deserve separate mentioning. The next theorem easily follows from Observation 2.1.
Theorem 3.2. Let S be a GQ of order (s, t), 1 < s, t, and let x be a center of transitivity for the group H . Then the set of elations of H about x is a group if and only if H is a Frobenius group (in its action on the points noncollinear with x). If this is the case, the Frobenius kernel consists precisely of all elations about x.
In particular, the theorem applies if t > s 2 /2, or if |{x, o} ⊥⊥ | = 2 and s ≤ t, where
The following theorem will be useful for the rest of this paper. It generalizes results of Brown [3] and J.A. Thas [14] .
Theorem 3.3. Let S be a GQ of order (s, s 2 ), s > 1, having a subGQ of order (s, t ), t > 1, fixed pointwise by a nontrivial automorphism θ of S. Then t = s and θ is an involution. If s is even, S ∼ = Q(4, s) ∼ = W (s). If s is odd, each point of S is antiregular.
Proof. First note that θ fixes no point outside S ; this follows from 2.2.2 of FGQ and the fact that t > 1. Let x be a point of S \ S , and let O x be the set of points of S that are collinear with x, so that O x is an ovoid of S (by 2.2.1 of FGQ). No three distinct points u, v, w outside S can subtend the same ovoid of S ; otherwise |{u, v, w} ⊥ | ≥ |O u | = st + 1 > s + 1, contradicting 1.2.4 of FGQ. It follows easily now that θ necessarily is an involution.
Let s be even. Let {u, v, w} be an arbitrary triad of points in S , so that |{u, v, w} ⊥ | = s + 1 in S by 1.2.4 of FGQ. Since θ is an involution, the number of centers of {u, v, w} outside S is even. So {u, v, w} has a center in S , and each triad of S is centric. Now count in two ways the number of pairs ({u, v, w}, z), where {u, v, w} is a triad which is a subset of a fixed subtended ovoid O x , x ∈ S \ S , and z is a center of {u, v, w} in S . Then
The result now follows in 5.2.4 of [9] .
Let s be odd, and let {u, v, w} be an arbitrary triad of points in S . Then the number of centers of {u, v, w} in S is even. As t ≤ s by 2.2.2 of FGQ, 1.3.6(iii) of FGQ implies that t = s, and that each point of S is antiregular.
In fact, one also notes the following. Let S be a GQ of order (t 2 , t), t > 1 and t even, with center of transitivity x, so that for at least one point o ∼ x, {x, o} ⊥⊥ = {x, o} (hence this property holds for all points not collinear with x). Let S have a proper thick subGQ S of order (s , t) that contains x. Suppose that S were fixed pointwise by some nonidentity whorl θ about x. Then by Theorem 3.3, s = t, and S ∼ = Q(4, t) ∼ = W (t). But in that case, each point of S is regular, contradicting the assumption that in S there is a point o ∼ x such that {x, o} ⊥⊥ = {x, o}. Whence the full group of whorls about x is a Frobenius group, and we can use Observation 2.1 such as in the proof of Theorem 3.2 to conclude the following: Proof. (1) This part follows from Observation 2.1 and the fact that the span of any two noncollinear points has size 2. Another (earlier discovered) way to do this is to observe that each point of Q(4, q) is a translation point, and then to apply 8.6.4 of FGQ.
(2) Let o be an arbitrary point not collinear with x. Then W (q) is a dual span-symmetric generalized quadrangle with base-span {x, o} ⊥⊥ , that is, each point of P := {x, o} ⊥⊥ is a center of symmetry. The group generated by the symmetries about the points of P is isomorphic to SL(2, q) [6, 17] , and contains a unique involution that fixes P pointwise. Now the criterion of Observation 2.1 applies to obtain (2) .
(3) It is well-known (and easy to observe, as all lines of W (q) are regular if q is even) that a collineation as in (2) (It also follows from the criterion by noting that there are no subGQ's of order q 2 , and that all spans of noncollinear points have size 2. As Case (2) of the criterion cannot occur, we are in Case (1), by way of contradiction. But that case can only occur if Q(5, q) has point spans of size at least 3, giving a contradiction. This proof also works for TGQ's of order (s, t) with s < t.) (2) This follows from the fact that for each W (q)-subGQ there is an involution fixing it pointwise.
Recall that H (4, q 2 ) is classical, i.e., it is embedded in PG(4, q 2 ), but H (4, q 2 ) D is not classical. Proof. (1) Consider an arbitrary point y ∼ x. Then H (4, q 2 ) is {x, y}-transitive [12] , that is, if L I x is arbitrary, the group of whorls about x and y acts transitively on the points of L which are different from x and not collinear with y. So the group of all whorls about x and y has a size divisible by q 2 − 1. As |{x, y} ⊥⊥ | = q + 1, it follows that H (4, q 2 ) admits whorls about x and y that fix at least another point of {x, y} ⊥⊥ (besides x and y). 
Remark 4.4.
The GQ H (4, q 2 ) behaves differently than the other classical GQ's, relative to the theory of elation groups. For the other classical examples, one could say that the set of elations about a fixed point forms a group 'up to duality' (i.e., the result holds for the classical GQ or for its point-line dual). This is not true for H (4, q 2 ).
Elation groups for flock GQ's and dual flock GQ's

Flock GQ's
For flock GQ's, we have the following interesting corollary which has a rather remarkable and easy proof. (For the origin of the construction of flock GQ's see [13] .) Theorem 5.1.
(1) Let S(F ) be a flock generalized quadrangle of order (q 2 , q), q > 1 and q odd, with special (elation) point (∞). Then the set of all elations about (∞) does not form a group. (2) Let S(F ) be a nonclassical flock generalized quadrangle of order (q 2 , q), q > 1 and q even. Then the set of all elations about (∞) does form a group.
Proof. We use the standard notation on flock GQ's, see, e.g., Chapter 2 of [20] .
(1) Consider the following whorl about (∞):
Then φ_ fixes each point of {(∞), (0, 0,0)} ⊥⊥ = {(0, c,0) c ∈ GF(q)}, and then Observation 2.1 applies.
(2) If S(F ) has a subGQ of order q containing (∞) which is fixed pointwise by some nontrivial automorphism of S(F ), then that subGQ is isomorphic to W (q) (cf. Theorem 3.3), and S(F ) is well-known to be isomorphic with H (3, q 2 ) .
So we assume that such subGQ's do not exist. By a corollary of the Fundamental Theorem of q-Clan Geometry [8] , the group of all whorls about (∞) and (0, 0,0) is given by all collineations of type In particular, the theorem applies for S(F ) ∼ = H (3, q 2 ) when q is odd (as was first noted by K. Thas and Van Maldeghem [22] for any characteristic, but with a different (though related) proof).
Remark 5.2. (1)
As was already mentioned in Section 1, it is the general belief that the set of elations about a center of transitivity of a GQ is a group (certainly when the GQ has a 'classical order'!). Theorem 5.1 shows the contrary: any (not necessarily nonclassical) flock GQ in odd characteristic appears to be an exception to that belief. (2) The reader notes the similarity between the involution φ_ in the proof of Theorem 5.1 and the involution in (2) of the proof of Theorem 4.1 -in fact, when F is a semifield flock if q is odd, these involutions are essentially the same.
Dual flock GQ's
Suppose that S(F ) is a flock GQ of order (q 2 , q), q > 1, and suppose that S(F ) D is an EGQ for some elation point x.
By Theorem 3.2, the set of all elations of S(F ) D about x is a group.
Dual TGQ's which are also EGQ's
Let S be a thick GQ which has a center of transitivity x. Suppose S D also has a center of transitivity x . If δ is a duality between S and S D , then either x δ I x, or each point of S is a center of transitivity, and then S is classical or dual classical by the work of K. Thas and Van Maldeghem [23] .
In this section, we will henceforth always assume that x δ I x. We need some more definitions at this point. PG(3, q) .
Then Payne and J.A. Thas prove in [11, 9] that from any egg O = O(n, m, q) there arises a GQ T (n, m, q) = T (O) which is a TGQ of order (q n , q m ) for some special point (∞). This goes as follows.
• The POINTS are of three types.
( Conversely, any TGQ can be seen in this way (that is, as a T (n, m, q) associated to an egg O(n, m, q) in PG(2n + m − 1, q) ).
For the definition of "translation dual" and "good TGQ" (which we will need below), we refer the reader to FGQ (Chapter 8) and [20] (Chapter 2).
The case s = t
Let S ( p) = T (O) be a TGQ of order s, and suppose S D is also an EGQ with elation point x, where x corresponds to some line through p.
Suppose that s is even. Then p is a regular point by 1.5.2 of FGQ. Whence the elation point x in S D is incident with some regular line, and by K. Thas [16] , x is a translation point (in fact, one only has to assume that x is a center of transitivity to have the same conclusion). Whence the set of all elations about x is a group.
There are no nonclassical TGQ's of odd order s known.
The case s < t
Let S ( p) = T (O) be a TGQ of order (s, t), s < t, and suppose S D is also an EGQ with elation point x, where x corresponds to some line through p.
Suppose first that S D admits some nontrivial collineation that fixes a subGQ S of order (t , s), t > 1, pointwise. If S does not contain the point p, it readily follows that each point of S is a translation point, and by Chapter 7 of [20] , S ∼ = Q(5, s). So we may assume that S contains p. Then t = s = √ t by 2.2.2 of FGQ and the fact that each line incident with p is regular. If s is even, S ∼ = Q(4, s) by Theorem 3.3, and then work of Brown and Lavrauw [4] implies that S ∼ = Q(5, s). Suppose that s is odd. Then each known class of TGQ's of order (s, s 2 ) either is a good TGQ or the translation dual of a good TGQ. By K. Thas [21] , the existence of a doubly subtended subGQ as above then implies that S ∼ = S(F ) D , where F is a Kantor-Knuth semifield flock of the quadratic cone in PG(3, s) . Whence S D is a flock GQ, and we can apply Section 5. Now suppose S D admits some whorl about x which fixes some point o ∼ x, and a point o ∈ {x, o} ⊥⊥ \ {x, o} (observe that x is regular in S D ). We again have a separate look at the (known classes in the) even and odd case.
Even case
Each known TGQ of order (s, t) with s < t and s even arises as a T 3 (O) from an ovoid of PG(3, s). In that case t = s 2 . If x corresponds to the line X I p, then there is a group of whorls about X that acts regularly on the lines incident with p and different from X. It follows from literature (see e.g. [2] ) that O either is an elliptic quadric or a Suzuki-Tits ovoid.
Let PG(3, s) ) a nontrivial element in a two point stabilizer of PGL(4, s) O ∼ = Sz(s). Hence the order of θ divides s − 1. So as s is even, there is at least one i ∈ {0, 1, . . . , s} for which S θ i = S i . Without loss of generality, we assume that o ∈ S i (and so o θ ∈ S i ). As S i is a TGQ of even order s, the point p is regular in S i . This contradicts the fact that o and o θ are centers of some triad of points on Γ .
We think that maybe with the appropriate adjustments, this observation can be generalized to all TGQ's of order (s, s 2 ), s even.
Odd case
Each known TGQ of order (s, t) with s < t and s odd either is a good TGQ or the translation dual of a good TGQ. In the latter case, S D is a flock GQ, and we refer to an earlier section for the answer to the problem in that case. Let S ( p) be a good TGQ of order (s, s 2 ), s odd. Suppose X is the line incident with p that corresponds to x in S D . As X is an elation line, Aut(S) X acts transitively on the lines on p different from X. As we may take S not to be classical, X is the (unique) good line incident with p (by K. Thas [19] , see also [20] ). Now consider an arbitrary line M ∼ X. Then work of K. Thas [19, 18, 20] yields that there is an involution in Aut(S) that fixes each line of {X, M} ⊥⊥ pointwise. Whence Observation 2.1 applies to conclude that the set of elations of S D about x does not form a group.
Conclusion
We have obtained the following theorem. 
GQ's of order (k − 1, k + 1) and their duals
The solution of the problem under consideration for GQ's of order (k − 1, k + 1) and their duals is given by the following theorem (which seems to be a part of GQ folklore, but appears to have no proper reference): Theorem 7.1. Let S be a GQ of order (k − 1, k + 1) or (k + 1, k − 1), k > 3, and consider an arbitrary point x. Then x cannot be an elation point.
Proof. First let S be of order (k − 1, k + 1), k > 3, and suppose that x is an elation point. (Note that we may assume k > 3 by Chapter 6 of FGQ.) Then k − 1 and k + 1 are powers of the same prime by Frohardt [5] , contradiction.
Next, let S be of order (k + 1, k − 1), k > 3. Let p be a prime dividing k + 1, and assume again that x is an elation point. Suppose p e divides k + 1 but p e+1 does not. Let p r be the largest power of p that divides k − 1. Then
by a result of Frohardt [5] . If k + 1 is a power of p, a result of Frohardt [5] implies that k − 1 also is, contradiction. If k is even, p e ≤ (k + 1)/3 and r = 0, and we have a contradiction. Let k be odd. We may assume that k + 1 has at least two distinct prime divisors, one of which is 2. If p is an odd prime divisor of k + 1, we obtain the same contradiction as before (from k − 1 < p e ≤ k+1
Elation groups and Sylow groups
Let S = (P, B, I ) be a GQ of order (s, t) with 1 < s ≤ t, and assume that x is a center of transitivity. Let W be the group of all whorls about x. First suppose that s and t are powers of the same prime p. Take any Sylow p-subgroup in W , say S 0 ; then |P \ x ⊥ | = s 2 t divides the size of S 0 . Suppose that S 0 does not act semiregularly on P \ x ⊥ , and take an element θ = 1 of order p that fixes the point o ∼ x. Then clearly, 8.1.1 of FGQ implies that θ = 1, as θ cannot act semiregularly on x ⊥ \ ({x} ∪ {x, o} ⊥ ). It follows that |S 0 | = s 2 t, and S 0 is an elation group with elation point x.
If x is an elation point and 1 < s ≤ t, then s and t are powers of the same prime by a result of Frohardt [5] . Whence We put the set of Sylow p-subgroups in W equal to
where k ≡ 0 mod p. With the natural number r being so that |{x, o} ⊥⊥ | = r + 1, the following question poses itself:
Question. How does r relate to k?
